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Numerical Study and Analytic Estimation of Forces
Acting in Ballistic Gravitational Capture

Antonio Fernando Bertachini de Almeida Prado
National Space Research Institute, 12227-010 São José dos Campos, Brazil

The objective of the present paper is to study in some detail the physical reasons of the ballistic gravitational
capture. A numerical study is performed to show the magnitude of the forces involved in the ballistic gravitational
capture as a function of time. It shows that the resultant force is near zero all of the time. Then, this phenomenon
is explained in terms of the integration of the perturbing forces with respect to time. The relation between those
integrals and the reduction of the two-body energy with respect to the moon is derived and applied to a large set
of trajectories. Analytical equations for those forces are derived to estimate their magnitude and to show the best
directions of approach for the ballistic gravitational capture. Using those equations, an analytical estimate of the
effects for different values of the mass parameter of the couple of primaries is derived.

Introduction

T HE ballistic gravitational capture is a characteristic of some
dynamical systems in celestial mechanics as in the restricted

three-body problem that is considered in this paper. The basic idea
is that a spacecraft (or any particlewith negligiblemass) can change
from a hyperbolic orbit with a small positive energy around a ce-
lestial body into an elliptic orbit with a small negative energy with-
out the use of any propulsive system. The force responsible for
this modi� cation in the orbit of the spacecraft is the gravitational
force of the third body involved in the dynamics. In this way this
force is used as a zero cost control, equivalent to a continuous
thrust applied in the spacecraft. One of the most important appli-
cations of this property is the construction of trajectories to the
moon.

The application of this phenomenon in spacecraft trajectories
is recent in the literature. The � rst demonstration of this was in
1987(Belbruno1). FurtherstudiesincludeBelbruno,2;3 Krish,4 Krish
et al.,5 Miller and Belbruno,6 and Belbruno and Miller.7;8 They all
studied missions in the Earth–moon system that use this technique
to save fuel during the insertion of the spacecraft in its � nal orbit
around the moon. Another set of papers that made fundamentalcon-
tributions in this � eld, also with the main objective of constructing
real trajectories in the Earth–moon system, are those of Yamakawa
and coworkers9¡11 and Kawaguchi.12 The � rst real application of
a ballistic capture transfer was made during an emergency in a
Japanesespacecraft.13 After that, some studies that considerthe time
required for this transfer appeared in the literature.Examples of this
approach can be found in the papers by Vieira Neto and Prado.14;15

An extension of the dynamical model to consider the effects of the
eccentricityof the primaries is also available in the literature.16;17 A
study of this problem, from the perspective of invariant manifolds,
was developedby Belbruno18 in 1994. An application for a mission
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to Europa is shown in Ref. 19. Very recent studies on this topic
are available in Refs. 20–24. In particular, they include a numerical
proof of the existence of the invariant manifold structure20 and an
analytic estimation of the weak stability boundaries.21;22

Examining the literature related to the weak stability boundaries,
one � nds several de� nitions of ballistic gravitational capture, de-
pending on the dynamical system considered. Those differences
exist to account for the different behavior of the systems. In the
restricted three-body problem the system considered in the present
paper, ballistic gravitational capture is assumed to occur when the
massless particle stays close to one of the two primaries of the sys-
tem for some time. A permanent capture is not required because in
this model it does not exist, and the phenomenon is always tem-
porary, which means that after some time of the approximation the
massless particle escapes from the neighborhoodof the primary.

For the practical purposes of studying spacecraft trajectories, the
majority of the papers available in the literature study this problem
looking at the behavior of the two-body energy of the spacecraft
with respect to the moon. A quantity called C3 (that is twice the
total energy of a two-body system) is de� ned, with respect to the
closer primary, by

C3 D V 2 ¡ 2¹=r (1)

where V is the velocity of the spacecraft relative to the closest pri-
mary, r is the distance of the spacecraft from this primary, and ¹
is the dimensionlessgravitationalparameter of the primary consid-
ered. From the value of C3, it is possible to know if the orbit is
elliptical (C3 < 0), parabolic (C3 D 0), or hyperbolic (C3 > 0) with
respect to the moon. Based upon this de� nition, it is possible to see
that the value of C3 is related to the velocity variation 1V needed
to insert the spacecraft in its � nal orbit around the moon. In the
case of a spacecraft approaching the moon, it is possible to use the
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gravitationalforce of the Earth to lower the value of C3 with respect
to the moon, and so the fuel consumption required to complete this
maneuver is reduced. In that way the search for trajectories that ar-
rive at the moon with the maximum possiblevalue for the reduction
of C3 is very important. In the majority of the studies relative to this
problem, a numerical approach of verifying the values of C3 during
the trajectory is used to identify useful trajectories.Because the tra-
jectories are very sensitive to the initial conditions, it is convenient
to start the propagation of the trajectoriesat the point of closest ap-
proach to the moon and propagate the trajectories with a negative
time step. If there is a change of sign in C3 from negative (closed
trajectory) to positive (open trajectory), this trajectory is considered
an escape in the backward sense of time. It means that a ballistic
gravitational capture occurs in the positive sense of time, and this
particular trajectory can be used to reduce the amount of fuel in
an Earth–moon transfer. Although frequently used in the literature,
the backward integration is not the only possible way to study this
problem, and a forward algorithm can be found in Ref. 25.

The present paper has two main goals: 1) to explain this phe-
nomenon based on the integration of the perturbative forces with
respect to time and 2) based upon that explanation to develop an-
alytical equations to estimate the numerical results, which allows
the derivationof an equation that estimates the reduction of C3 as a
function of the masses of the primaries.

Mathematical Model
For the numericalsimulationsshown in this paper, themodel used

is the planar restricted three-body problem. The system considered
for all of the simulations shown in this paper is the Earth–moon
system because this is the system with more likely applications of
the ballistic gravitationalcapture technique.The standardcanonical
system of units is used, in which the unit of distance is the distance
between M1 (the Earth) and M2 (moon); the angular velocity ! of
the motion of M1 and M2 is set to unity; the mass of the smaller
primary M2 is given by ¹ D m2=.m1 C m2/ (where m1 and m2 are
the real masses of M1 and M2, respectively) and the mass of M2 is
(1 ¡ ¹); the unit of time is de� ned such that the period of the motion
of the two primaries is 2¼ and the gravitationalconstant is unity.

There are several customary systems of reference for studying
this problem.26 In this paper the rotating system is used because it
is the one that has well-known equations of motion and a simple
expression for the Jacobian constant, which allows the veri� cation
of the accuracy of the numerical integration. This system has the
following characteristics: origin at the center of mass of the two
primaries; horizontal axis lying in the line connecting the two pri-
maries, pointing to M2; vertical axis perpendicular to the plane of
motion of the two primaries. Based upon those conventions, the
equations of motion for the spacecraft are26

Rx ¡ 2 Py D @Ä

@x
(2)

Ry C 2 Px D @Ä

@y
(3)

where Ä is the pseudo-potentialgiven by

Ä D 1
2 .x2 C y2/ C .1 ¡ ¹/=r1 C ¹=r2 (4)

The symbolsr1 andr2 are thedistancesbetween the spacecraftand
the Earth and the moon, respectively. There are several de� nitions
of the Jacobianconstant.26 In this paper the de� nitionused is (where
V is the velocity of the spacecraft)26

J D 2.1 ¡ ¹/=r1 C 2¹=r2 C .1 ¡ ¹/r 2
1 C ¹r 2

2 ¡ V 2 (5)

To avoidnumericalproblemsduring the close encounterswith the
primaries, the LemaOõ tre regularization26 is used in the equations of
motion of the spacecraft. A more detailed description to obtain the
equations of motion for this situation is available in Ref. 27, where
several trajectories obtained under this model are also shown.

The usual approach to study those trajectories is to start the nu-
merical integrationat the point of closest approach to the moon. At
this point a certain negativevalue of C3 is assignedto the spacecraft,
and its velocity vector is computed from Eq. (1), assuming that the

Fig. 1 Parameters of the
ballistic gravitational cap-
ture.

Fig. 2 Gravitational force of
the Earth.

Fig. 3 Centrifugal force.

distancer is known and that the velocityvectorhas null radial veloc-
ity. In this way the spacecraftstarts its motion close to the moon,and
a negative time step in the numerical propagationof the trajectory is
used to determine its motion before the closest approach.The � nal
conditionsof the trajectorywere convertedinto the initial conditions
to study the problem. Then, during the numerical integration pro-
cess a trajectory is considereda ballistic gravitationalcapture when
the distance from the moon reaches 100,000 km in a time less than
50 days.11 This distance will de� ne the gravitational sphere of cap-
ture of the moon. The main parameters of the trajectory are shown
in Fig. 1. In this � gure r p is the periapsis distance (assumed to be
1838 km in the calculationsperformed in the presentpaper), ® is the
periapsis position angle that speci� es the point of closest approach
with the Moon, and ¯ is the entry position angle that speci� es the
pointwhere the spacecraftreachesthe sphereof captureof themoon.
In this � gure it is shown as a direct capture (counterclockwise), but
it is also possible to have a retrograde capture (clockwise).

Forces Involved in the Dynamics
To understand better the physical reasons of this phenomenon, it

is useful to calculate the forces acting over the massless particle.
Figure 2 shows the gravitational force Fg of the Earth acting in
a spacecraft M3 that is approaching the moon, and Fig. 3 shows
the centrifugal force acting in the same situation. There is also the
coriolis force, given by ¡2! £ V, where ! is the angular velocity
of the reference system and V is the velocity of the spacecraft.
This force is included in the numerical simulations, but it is not
analyzed in detail because the main idea of this paper is to explain
the ballistic gravitational capture as a result of perturbative forces
acting in the direction of motion of the spacecraft and the coriolis
force acts perpendicularto the direction of motion of the spacecraft
all of the time. In this way it does not contribute to the phenomenon
studied here. Later in this paper this force is considered, to analyze
accelerations perpendicular to the radial direction. The direction
r points directly to the center of the moon, and the direction p is
perpendicular to r, pointing in the counterclockwisedirection. The
distancebetween the spacecraftand the Earth is d, the angle formed
by the lineconnectingtheEarth to the spacecraftand thedirectionr is
° . The angleÁ is used to de� ne instantaneouslythedirectionr. From
geometrical considerations in Figs. 2 and 3, it is possible to write

jFg j D .1 ¡ ¹/=d2 ) Fg D [.1 ¡ ¹/=d2] cos ° r

C [.1 ¡ ¹/=d2] sin ° p (6)
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Applying the law of cosines,

1 D d2 C r 2 ¡ 2dr cos ° ) cos° D 1 ¡ d2 ¡ r 2

¡2rd
(7)

But

d2 D 1 C r 2 ¡ 2r cos.180± ¡ Á/ D 1 C r 2 C 2r cos Á (8)

From Eqs. (7) and (8)

cos° D 1 ¡ 1 ¡ r 2 ¡ 2r cos Á ¡ r 2

¡2rd

D 2r 2 C 2r cosÁ

C2rd
D

r C cos Á

d
(9)

From the law of sines,

d

sin.180± ¡ Á/
D 1

sin °
) sin ° D sinÁ

d
(10)

Then, using Eqs. (9) and (10),

Fg D .1 ¡ ¹/.r C cos Á/

d3
r C .1 ¡ ¹/ sin Á

d
p

D .1 ¡ ¹/.r C cos Á/

.1 C r 2 C 2r cos Á/
3
2

r C .1 ¡ ¹/ sin Á

.1 C r 2 C 2r cos Á/
1
2

p (11)

For the centrifugal force the expression is

Fce D ¡F cos ¾ r C .¡F sin ¾ /p (12)

where F D !2L D L (because ! D 1).
By analogy with the gravitational force,

cos ¾ D
.1 ¡ ¹/2 ¡ L2 ¡ r 2

¡2r L
(13)

But, it is also known that L2 D .1 ¡ ¹/2 C r 2 C 2r .1 ¡ ¹/ cos Á;
therefore,

cos¾ D .1 ¡ ¹/2 ¡ .1 ¡ ¹/2 ¡ r 2 ¡ 2r.1 ¡ ¹/ cos Á ¡ r 2

¡2r L

D
r C .1 ¡ ¹/ cos Á

L
(14)

From the law of sines,

L

sin.180± ¡ Á/
D .1 ¡ ¹/

sin ¾
) sin ¾ D sin Á.1 ¡ ¹/

L
(15)

Combining all of the results together,

Fce D ¡[r C .1 ¡ ¹/ cos Á]r C .¹ ¡ 1/ sin Á p (16)

Physical Explanation of the Ballistic
Gravitational Capture

During the approach phase, when the spacecraft is close to the
moon, the force that dominatesthe dynamics is causedby the central
body (the moon). All others forces are perturbationson the motion
of the massless particle. In the model considered here the pertur-
bations are caused by the gravitational force of the Earth and the
centrifugal force caused by the rotation of the system. The coriolis
force also acts in the massless particle, but it does not have any
component in the direction of motion, as explained before. In that
way a method to understand the behavior of the perturbingforces is
to study the components of each force during the approach phase.
The forces involved are divided in the radial and transverse com-
ponents. After that they are projected in the direction of motion of
the massless particle because this is the componentthat explains the
ballisticgravitationalcapturephenomenon.The conventionsused in
this paper imply that in the radial direction the positive sign means
the force is acting in the direction of the moon and that in the trans-
verse direction the positive sign indicates the force is acting in the

Fig. 4 Trajectories with C3 = ¡ ¡ 0.2 (®® = 0 deg above and ®® = 180 deg
below) in canonical units.

counterclockwise direction. When the direction of motion is con-
sidered, the force is positive when applied in the direction of the
motion of the particle and negative if applied against the direction
of motion.The trajectoriesare studiedonly from the periapsisat the
moon until the sphere of capture. This is because the main interest
here is the trajectories that use a swing-by with the moon to reduce
the total fuel consumptionof the mission. In this type of maneuver,
after the spacecraft reaches the sphere of capture of the moon an
impulsive maneuver is applied to send the spacecraft to a swing-by
with the moon. Those two events change the behaviorof the system.
Therefore, this technique allows us to separate the complete trans-
fer into three distinct phases, one of them the ballistic gravitational
capture that is studied here.

To exemplify the problem studied, two trajectoriesending in bal-
listic gravitationalcaptures are computed and plotted in Fig. 4. For
these two trajectoriesthe procedureof backward integrationstarting
with the velocity perpendicularto the position vector was used. So,
from the value of C3 that is assumed (¡0.2 in both trajectories) and
the periapsis distance chosen for the trajectories (1838 km for both
trajectories, which means 100 km from the surface of the moon),
Eq. (1) is used to compute the magnitudeof the velocityvector.This
value, together with the assumption that the velocity is perpendic-
ular to the periapsis distance, allows the calculation of the velocity
vector. The values for the angle ® used are 0 deg for the � rst trajec-
tory and 180 deg for the second trajectory. Those values are used
because they are among the angles that give the maximum value
for the savings obtained in this maneuver.11 As explained before,
the time step used for the numerical integration is negative so that
the instant when the time is zero represents the moment that the
particle is at the periapsis.The plots shown to represent the trajecto-
ries are in dimensionlesscanonical units. The value of the Jacobian
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constant for both trajectories, calculated by Eq. (5), is 3.1847. The
value for the Jacobian constant for the Lagrangian point that exist
between the Earth and the moon is26 3.2003, and so the condition
that the value for the trajectory must be lower than the value at this
Lagrangian point is satis� ed. The value for the Lagrangian point
that exists behind the moon is 3.1841, which means that the tra-
jectories shown have a Jacobian constant a little bit above it. This
is consistent with the fact that both trajectories approach the moon
from the side of the Earth. If the value for the initial C3 is ¡0.1954
(¡0.2 km2/s2), as used in Ref. 11, the Jacobian constant is 3.1801,
which is below the value 3.1841 and the spacecraft can approach
the moon from all directions.

Figure 5 shows the behavior of the forces acting on the space-
craft for those trajectories. The curves are 1) gravitational radial
force, 2) gravitational transverse force, 3) centrifugal radial force,
4) centrifugal transverse force, 5) resultant radial force, 6) resultant
transverse force, 7) gravitational force in the direction of motion,
8) centrifugal force in the direction of motion, 9) resultant force in
the direction of motion. For the � rst trajectory the radial direction
of the force caused by the gravitational attraction of the Earth has
a negative sign, thus reducing the velocity of the spacecraft during
the approach. In the transverse direction this force is also nega-
tive, which means that it is acting to accelerate the spacecraft in
the clockwise direction. In the direction of motion, the sign is also
negative, which means that it is braking the spacecraft during the
whole trajectory.The centrifugalforce acts in an opposite direction
from the gravity force causedby the Earth, but with smaller absolute
values. It means that the gravity force of the Earth, which causes the

Fig. 5 Forces (canonical units) involved in the trajectories with
C3 = ¡ ¡ 0:2 (®® = 0 deg above and ®® = 180 deg below).

spacecraft to reduce its velocity, dominates the perturbationon the
motion of the spacecraft. The resultant on the transverse direction
accelerates the spacecraft in the clockwise direction. The analyses
of the second trajectory are more complicated because this trajec-
tory makes several loops before reaching the moon and it causes
alteration of the signs of the forces during the trajectory.So, during
most of the time the value of C3 decreases, but in some parts of the
trajectory it increases.Those parts correspond to the instants where
the curve 9 (resultant of the forces in the direction of the motion) is
positive. The � nal result is a decrease in the value of C3. Figure 6
shows the value of C3 as a function of the distance between the
spacecraft and the moon. It shows that the decrease of C3 occurs
during the whole trajectory and the loops around the moon occur
when C3 was already reduced to a negative value close to ¡0.2,
the � nal value. Figure 7 shows the integral with respect to the time
of the forces acting in the directions of motion of the spacecraft in
trajectories with initial value of C3 D ¡0:15. For those trajectories
the value of the Jacobian constant is 3.1348. The three lines in the
� gure show the gravitationalforce caused by the Earth, the centrifu-
gal and the resultant force. The regions where there are no points
correspond to trajectories that collide with the moon before escape,
and they do not exist in reality. To make this � gure, 180 trajectories
were simulatedwith a step of 2 deg between two consecutivevalues
of ® in the initial conditions. This � gure shows some interesting
characteristics of this phenomenon: 1) the integral of the resultant

Fig. 6 Value of C3 as a function of the distance from the moon
(A: ®® = 0 deg, B: ®® = 180 deg).

Fig. 7 Integral of the forces studied in the direction of motion of the
spacecraft as a function of ®®.
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force is always negative, which means that the spacecraft is always
decelerated after one complete trajectory; 2) the two perturbative
forces always have effects opposite to each other; 3) there are a few
points of maximum effect, where the reduction of C3 is larger.

The relation between the forces and the variation of C3 can be
explained in terms of fundamental physical laws. Suppose that the
valueof C3 at the periapsisis calledC3 p , and its valueat the crossing
point with the sphere of capture of the Moon is called C3sc. From
the de� nition of C3 [Eq. (1)], the results are

C3p D V 2
p ¡ 2¹=r p (17)

C3sc D V 2
sc ¡ 2¹=rsc (18)

where the subscript sc stands for values at the sphere of capture of
the moon.

The effects of the three forces studied in the system (gravi-
tational—Earth and moon—and centrifugal) is to change the ve-
locity of the spacecraft according to the physical law

Z t f

t0

F dt D .V f ¡ V0/ (19)

where F is the forceperunitmass of the spacecraft,V0 is the velocity
at t0, and V f is the velocity at t f . Then, de� ning the variation of C3

(1C3) between the periapsis and the sphere of capture of the moon
as C3p ¡ C3sc and applying Eq. (19) between the same instants to
write Vsc in terms of Vp we have

1C3 D C3 p ¡ C3sc D V 2
p ¡ 2¹=r p ¡ .Vp ¡ Itot/

2 C 2¹=rsc

D 2¹.1=rsc ¡ 1=r p/ C 2Vp Itot ¡ I 2
tot (20)

where Itot represents the time integral of the resultant effects of the
three forces studied in this system in the direction of the motion of
the spacecraft.Equation (20) gives the variationof C3 in the rotating
frame because Itot is evaluatedin this system.The � naldesiredresult
is the variationof C3 in the inertial system.To obtain this quantity, it
is necessary to follow the steps: 1) give an initial value of C3 in the
inertial frame to start the computation of the trajectory; 2) convert
this value to its correspondentvalue in the rotating frame, using the
equation

C3inertial D C3rotating C 2.x Py ¡ Px y/ C x2

C y2 ¡ 2.1 ¡ ¹/.x C Py/ C .1 ¡ ¹/2 (21)

3) propagate the trajectory, computing the forces at every instant
of time and integrating their effects in time. This integration is per-
formed by dividing the trajectory into small stepsof time and adding
the product of the force and the time step. The step used in the sim-
ulations shown here is 0.0001 in regularized units of time; 4) use
Eq. (20) to obtain the � nal value of C3 in the rotating frame; 5) use
Eq. (21) to convert this value to its equivalent in the inertial frame,
and so obtaining the desired variation of C3 in this reference frame.

For the two trajectories shown in Fig. 4, the computed values
for the variation of C3 and the values obtained by the algorithm
just described are, respectively, ¡0.2656 and ¡0.2658 for the � rst
trajectory and ¡0.1802 and ¡0.1806 for the second trajectory.Nu-
merical simulationsusing smaller stepsof time were performed,and
the results showed that the difference between those values goes to
zero with the reduction of the step size. Figure 8 shows the varia-
tion of C3 for a series of 180 trajectories, with the initial values of
® spaced 2 deg apart. The values computed by the algorithm and
the values measured are plotted in Fig. 8, but they are so close to
each other that they are not visible as two individual lines. Those
experiments validate the proposed mechanism to explain the ballis-
tic gravitational capture as a result of the action of an acceleration
� eld that acts analogously to a low thrust engine decelerating the
spacecraft over the time.

Analytical Analyses of the Forces
The next step of this research is to develop analyticalexpressions

for the components of each force, in order to obtain an estimate of

Fig. 8 Variation of C3 of the spacecraft as a function of ®®.

their effects. The main idea is to estimate the potential of the � eld
around the moon to reduce the value of C3 and not to make predic-
tions for a single trajectory.The analytical equations to measure the
effects of this perturbationare derivedunder the assumption that the
trajectory followed by the spacecraft is an idealized trajectory that
does not deviate from the radial direction. The real trajectories are
not radial, as can be seen in Fig. 4 and in equivalentresults shown in
the literature, but the equations derived under this assumption can
be used to: 1) estimate the values of the possible reductions in the
valueof C3 , not only for the Earth–moon system,but for any system
of primaries, as shown later in this paper; 2) show the existence of
directions of motion that results in larger reductions of C3 , thereby
mapping analytically the decelerating � eld that exists in the neigh-
borhood of the moon; and 3) estimate the effects of the periapsis
distance and the size of the sphere of capture because the equations
derived are explicitly functions of those parameters. Another justi-
� cation for the radial trajectoriesused to derive the equations is that
the reductionof C3 is a result of the effects of the forces in time dur-
ing the whole trajectory, and even for trajectories that show several
loopsbeforearrivingat the periapsis(Fig. 4) duringmost of the time
the trajectory can be seen as composed of a set of trajectories close
to radial. Figure 6 shows that when the spacecraft starts to perform
loopsaround the moon C3 has alreadyachievedapproximately85%
of its total reduction.

For the derivation performed here, the same components mea-
sured by the numerical analysis are calculated: the radial (the di-
rection of motion under the assumption used here) and transverse
directions.Then, assuming that the spacecraft is in freefall (subject
only to the gravitationaland centrifugal forces) traveling with zero
energy (parabolic trajectory) and that the trajectoriesdo not deviate
from a straight line the result is

total energy D E D 0 D 1

2
V 2 ¡ ¹

r
) V D

r
2¹

r
D ds

dt
(22)

Here ds is the distance traveled by the particle during the time
dt . To obtain the integral of the effect of the perturbing forces with
respect to time, it is possible to perform the calculationsin terms of
the radial distance by making the substitution

Z t f

t0

F dt D
Z S f

S0

³
F

V

´
ds D

Z rmax

rmin

³
F

V

´
dr (23)

The extremepointsof the integrationchangeposition(S0 becomes
rmin D r p D periapsis distance and S f becomes rmax D rsc D distance
for the sphereof capture)here and in all of the followingintegrations
to take into account that the positive sense of the radial direction
points toward the moon. Because the spacecraft is assumed to ap-
proach the moon on a radial trajectory, the result Á D ® D ¯ is valid,
and the variable ® is used as the independent parameter. Then, for
the radial component of the Earth’s gravity
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Fg D .1 ¡ ¹/.r C cos®/

.1 C r 2 C 2r cos ®/
3
2

the integral is

F1.®/ D
Z rmax

rmin

.1 ¡ ¹/.r C cos ®/

.1 C r 2 C 2r cos ®/
3
2 .2¹=r/

1
2

dr (24)

The calculations can be continued now by expanding the equa-
tion inside the integral in a power series of r . In this research the
expansion was performed up to the second order around a point q,
the middle point of the trajectory. The result, after integrating in r ,
is shown below in the complete form (functions of rmin; rmax; q; ¹,
and ®) because it can be used to compute values for any desirable
values of those variables. Because the goal is to obtain only an esti-
mate of the resultsand becausethe maximumdifferencebetween the
� rst- and second-order expansion is about 7%, only the � rst-order
complete equation is shown here because it has a simpler form:

F1.®/ D

(
.1 ¡ ¹/.q C cos ®/

.2¹=q/
1
2 .1 C q2 C 2q cos ®/

3
2

r

C .1 ¡ ¹/

"
¡

3.q C cos ®/2

.2¹=q/
1
2 .1 C q2 C 2q cos ®/

5
2

C
¹.3q C cos ®/

q2.2¹=q/
3
2 .1 C q2 C 2q cos ®/

3
2

#³
r 2

2
¡ qr

´)rmax

rmin

(25)

Using the values rmin D 1,838=384,400 (100 km above the lu-
nar surface), rmax D 100,000=384,400 (100,000 km above the lunar
surface, the usual value for the sphere of capture of the moon in
the ballisticgravitationalcapturestudies), ¹ D 0:0121 (Earth–moon
system) and q D .rmin Crmax/=2 (the medium point of the trajectory)
the � rst-order equation obtained is

F1
1 .®/ D [0:0782 C 0:5902cos.®/][1:0176 C 0:2649cos.®/]¡1:5

(26)

The equivalentequation for the second-orderexpansionis shown
next because in this form it is not too large:

F1.®/ D 0:2836[0:0170 ¡ 0:0730.1:0175 C 0:2649cos ®/

C 0:3076.1:0175 C 0:2649cos®/2 C 0:0680cos®

¡ 0:0847.1:0175 C 0:2649cos®/ cos® C 2.1:0175

C 0:2649cos®/2 cos ® C 0:0168cos2® ¡ 0:0640.1:0175

C 0:2649cos®/ cos2® C 0:0212cos3®/]

£ .1:0175 C 0:2649cos ®/¡ 7
2 (27)

This equation is plotted as a function of ® in Fig. 9. The curve
shows a sinusoidal variation of the integral with the most favorable
angle for the ballistic gravitational capture close to 180 deg, where
the force has the most negative value. It means that the component
of this force applied opposite to the motion of the spacecraft has
its maximum effect in reducing the � nal velocity of the spacecraft,
then obtaininga capturewith the most negativevalue for the energy.

For the radial component of the centrifugal force, ¡[.1 ¡
¹/ cos ® C r], the integral is
Z rmax

rmin

³
Fce

V

´
ds D

Z rmax

rmin

[.¹ ¡ 1/ cos ® C r ]

³
2¹

r

´¡ 1
2

dr

D

(µ
¡ 0:4r 2 C 2

3
r.¹ ¡ 1/ cos®

¶³
2¹

r

´¡ 1
2

)rmax

rmin

(28)

Fig. 9 Integral of the disturbing radial forces (canonical units) vs ®®
(deg).

Using the same values used in the preceding situation for the
variables, this last equation can be reduced to

F2.®/ D ¡0:0887 ¡ 0:5603cos® (29)

This equation is plotted as a function of ® in Fig. 9. It also shows
a sinusoidal variation of the integral, with the most favorable angle
for the ballistic gravitational capture at zero and 360 deg (the most
negative values of the integral). It means that at those points the
component of the centrifugal force acting opposite to the motion
of the spacecraft has its maximum effect. The sign of the values is
always opposite to the sign of the effect of the gravity of the Earth,
which means that the effects are workingagainsteach other.Adding
the radial effects of both forces, the equation for the resultant force
in the radial direction is obtained. This force will be called F3.®/,
and it is also plotted as a functionof ® in Fig. 9. From those results it
is clear that the integral of the total effect is always negative, which
means that the spacecraft always has its velocity reduced by the
perturbation. It is never increased. There are two points where the
integral of the effect is null, which means that the two perturbing
forces acting on the spacecraft cancel each other and it travels as if
there were no perturbationsat all. In this � gure it is also possible to
obtain the best point to perform the ballistic gravitational capture.
This point is at ® D 180 deg, which has the strongest accumulated
effect for the resultant force.

After that somecalculationsaredevelopedto obtaintheequivalent
equationsfor the transversedirection,in the same way that was done
with the radial components. In this case the differencebetween � rst-
and second-orderexpansionshas a maximum of 4%. The analytical
equation for the � rst-order expansion is

F4.®/ D
Z rmax

rmin

.1 ¡ ¹/ sin ®

.2¹=r/
1
2 .1 C r 2 C 2r cos ®/

1
2

dr

D

(
.1 ¡ ¹/ sin ®

.2¹=q/
1
2 .1 C q2 C 2q cos ®/

1
2

r C .1 ¡ ¹/

£

"
¡ .q C cos ®/

.1 C q2 C 2q cos®/
3
2

C 1

2q.1 C q2 C 2q cos®/
1
2

#

£
³

2¹

q

´¡ 1
2

sin ®

³
r 2

2
¡ qr

´)rmax

rmin

(30)

Then, using the same numerical values for the variables used for
the radial component the equation obtained is

F 1
4 .®/ D 0:5902 sin.®/[1:0176 C 0:2649cos.®/]¡ 1

2 (31)
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For the second-order expansion the equivalent result is

F4.®/ D

(
0:0025

.1:0175 C 0:2649cos ®/
5
2

¡ 0:0032

.1:0175 C 0:2649cos ®/
3
2

C 0:5674

.1:0175 C 0:2649cos ®/
1
2

C
µ

0:0013

.1:0175 C 0:2649cos ®/
5
2

¡ 0:0121

.1:0175 C 0:2649cos ®/
3
2

¶
cos ®

C
0:0024cos 2®

.1:0175 C 0:2649cos ®/
5
2

)

sin® (32)

For the centrifugal force the integral of the function .¹ ¡
1/ sin.®/.2¹=r /¡1=2 can be evaluated in a closed form to give

F5.®/ D
£

2
3
r.¹ ¡ 1/ sin ®.2¹=r/¡ 1

2

¤rmax

rmin
(33)

Then, using the numerical values available the equation obtained
is

F5.®/ D ¡0:5603 sin ®

For the coriolis force (FCo D ¡2! £ V) the result is

F6.®/ D
Z rmax

rmin

³
FCo

V

´
dr D

Z rmax

rmin

2 dr D 2r
­­rmax

rmin
D 0:5107

(34)

Adding the three transverseperturbing forces, the resultant force
can be obtained. This force will be called F7.®/. Numerical simu-
lations show that the magnitude of the total effect of the transverse
perturbing force is dominated by the coriolis force, which means
that it is not negligibleand that the assumption of radial trajectories
has to be seen as an estimate of the reduction of C3 for the sys-
tem considered and is not a good approximation for an individual
trajectory.

The next step to be developed here is to obtain an analytical
equation to predict the variation of C3 as a function of the angle ®,
using Eq. (20). To do that, it is necessary to obtain the value of the
integral effect of the gravitational force of the moon in the direction
of motion of the spacecraft under the assumption of radial motion.
The gravitational force of the moon acts only in the radial direction
with a magnitude given by FM D ¹=r 2 . So, its integral effect with
respect to time is given by (using the same numerical value used
before for ¹, rmax , and rmin)

Z t f

t0

F dt D
Z rmax

rmin

³
F

V

´
dr D

r
¹

2

Z rmax

rmin

r¡ 3
2 dr D 1:94471

(35)

Then, the total effect Itot is given by F3.®/ C 1:94471, where
F3.®/ is given by F1.®/ C F2.®/ [Eqs. (26) and (27)]. Equation
(20) becomes (using the numerical values available) ¡4:968172C
4:499421Itot ¡ I 2

tot, which completes the required derivation.

Estimating the Reduction of C3

for Different Systems of Primaries
The analytical equations just obtained can be used to estimate

the reduction of C3 as a function of the mass parameter ¹, which
identi� es the system of primaries used as the mathematical model.
To perform this estimate, the distance of the sphere of capture rmax

and theperiapsisdistancermin of the trajectoryaregiven11 by .2¹/1=3

and .2¹/1=3=20, respectively. Consider also that there is an ideal
trajectory that is radial and traveling with ® D 180 deg, that is the
radialdirectionthatprovidesthe maximumdecreaseof C3, as shown

Fig. 10 Analytical estimate for the variation of C3 as a function of the
mass parameter.

before in this paper.Then, the resultantradial forcegivenby Eq. (25)
added to Eq. (28) becomes

F.¹/ D k¡ 3
2

¥
¡44054 C k

3
2

¡
0:6592 ¡ 0:5037¹

1
3 ¡ 0:6592¹

¢

C 29140¹
1
3 C 44054¹ ¡ 29140¹

4
3
¦

(36)

where k D 1600 ¡ 2117¹1=3 C 700¹2=3 . The equation for the vari-
ation of C3 in the rotating frame is given by Eq. (29), using
Vp D

p
.2¹=r p/ and

Itot D F.¹/ C
r

¹

2

Z
.2¹/

1
3

.2¹/
1
3 =20

r¡ 3
2 dr D F.¹/ C 4:3746¹

1
3

Then, this variation is converted to the inertial frame using Eq. (21)
at the periapsis (where x D ¡rmin C ¹, Px D

p
.2¹=rmin/, y D Py D 0/

and at the sphereof capture(where x D ¡rmax C ¹, Px D
p

.2¹=rmax/,
y D Py D 0). The � nal result is

1C3inertial D ¡F2.¹/ C 2:52F.¹/¹
1
3 C 1:58¹

2
3 (37)

Figure 10 plots this equation. This analysis con� rms the numer-
ical results and the main conclusions stated in the literature (p. 78
of Ref. 11): 1) the reduction of C3 increases strongly with the mass
parameter because the relative effect of the two primaries increases;
2) for values of the mass parameter below 0.0001, the ballisticgrav-
itational capture does not exist for practical purposes. Two more
comments related to Fig. 10 are important.First, the valuepredicted
for the Earth–moon system is ¡0.3217, and the numerical value
(according to Ref. 11, p. 50) is ¡0.2205 (¡0.22559 km2/s2 ). The
main reasonfor thisdifferenceis that thevaluesusedfor theperiapsis
distanceand the sphereof captureare different.Using for the analyt-
ical and numericalestimates the same values (rmin D 1,838=384,400
and rmax D 100,000=384,400), the � rst-order estimate gives a value
of ¡0.2208, which is a very good result. Second, the values pre-
dicted for the sun–Jupiter and sun–Saturn systems are ¡0.055 and
¡0.024, respectively,and the correspondingresults from numerical
simulations11 are about ¡0.042 and ¡0.026, which is in reasonable
agreement for an estimate.

Conclusions
This paper had two main goals when studying the ballistic grav-

itational capture problem: 1) it showed an explanation of the phe-
nomenon based in the calculation of the forces involved in the dy-
namics as a function of time and in their integrationwith respect to
time; 2) it derives analytical equations to study this problem under
the assumptionof radial motion, which leads to the derivationof an
equation that estimates the reductionof C3 as a functionof the mass
parameter of the system of primaries. To achieve the second goal,
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the forces acting on the ballistic gravitational capture problem are
obtained in closed forms. There are two forces that act as disturb-
ing forces in the direction of motion: the gravitational force caused
by the Earth and the centrifugal force. These forces can decelerate
the spacecraft, working opposite to its motion. This is equivalent
to applying a continuouspropulsion force against the motion of the
spacecraft. In the radial direction the gravitational force caused by
the Earth and the centrifugal force work in opposite directions, but
the resultantforcealwaysworks againstthemotionof the spacecraft,
with the exception of two points where they cancel each other.
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16Vieira Neto, E., “Estudo Numérico da Captura Gravitacional Tem-
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